where/» is a homogeneous polynomial of degree r t -with coefficients belonging to a given field K. We interpret homogeneous coordinates in an (n -l)-dimensional projective space. When n>h, the system (1) has non-trivial solutions (#i, # 2 , • • • , x n ) in an algebraically closed extension field of K, but there may not exist any such solutions in K itself. It is, in general, extremely difficult to decide whether adjunction of irrationalities of a certain type to K is sufficient to guarantee the existence of non-trivial solutions of (1) in the extended field. However, the situation is much simpler, when n is very large, in the sense that n lies above a certain expression depending on the number of equations h and the degrees r Xl We shall prove Theorem C in §2. The changes necessary in order to obtain Theorem B are obvious. In §3, some applications are given. One of them is concerned with Hilbert's resolvent problem. We prove here a recent conjecture of B. Segre. Let t{, i{, • • • , e n '~2 be a system of points which together with a% and ct2 form a full linearly independent system and set
with indeterminate coefficients Si, 02, • • • , z n -2-Consider next the equations In part 2 of the proof we mean by "sufficiently large n n all values of n which lie above a suitable lower bound A (5) depending only on s. 4 In the case of Theorem B, we take / = 2. The equation (8) will have a solution if we extend the field K by the adjunction of an 5th root. This argument shows the existence of Q(s; 0). 3. We assume that the existence of m'~Çl(s; m -1) has already been shown. If n is sufficiently large, 6 the result of 2 shows that we may find a point cti^O such that (9) /(ax) = 0.
Consider again the equations (6) Its roots then may be considered as algebraic functions oîn -k quantities bk+i, bk+2, •••,&»»• Since «»• can be expressed in terms of 0*, it follows that the solution of the general equation of nth degree can be expressed in terms of the coefficients if we use radicals and one algebraic function of n -k arguments. 8 Here k was a fixed number and n was to be taken sufficiently large.
Hubert's resolvent problem deals with the question of finding the smallest number l n for given n such that the roots of the general equation of degree n may be expressed in terms of the coefficients by means of algebraic functions of at most l n parameters. Our above remark shows that l n^n -k for fixed k and sufficiently large n. In other words, we have shown that lim (n -l n ) = °°.
n-*oo
Hubert's observation that l n^n -5, at least for n^9, and Segre's observation that l n Sn -6, at least for n*z 157, 10 can be supplemented by an infinite number of analogous observations. The method of §2 would allow us to find explicit values n^ such that l n^n -~k for n^n h . However, the values obtained would probably be far too large.
As an example of a field which satisfies the assumption (*) of Theorem C, we may take any field K which is closed with regard to forming radicals a 1/m , a in K, m = 2, 3, 4, • • • . We have here ty(r) = 2 for all r. In particular, any homogeneous equation ƒ(xi, #2, • * • , x n ) =0 of degree r has a non-trivial solution, provided that n lies above a certain number depending on r only.
An example of a somewhat less trivial nature is obtained by considering a p-adic field K. As is well known the multiplicative group of all a r (a9^0 y a in K) is of finite index in the group of all a (a5^0, a in K). From this it follows at once that the assumption (*) of Theorem C is satisfied, and the statement of Theorem C holds for K. The somewhat rough method of our proof does not allow us to derive this result. The bound obtained for n would be much larger.
11 E. Artin has remarked that it follows at once from the existence of normal division algebras of rank r 2 over K that N(r) >r 2 .
